In this paper, we give some new identities of symmetry for the higher-order Carlitz q-Bernoulli polynomials under third Dihedral group D 3 arising from q− Volkenborn integral on Z p .
Introduction
Let p be a fixed odd prime number. Throughout this paper, Z p , Q p and C p will, respectively denote the ring of p− adic integers, the field of p− adic rational numbers and the completion of algebraic closure of Q p . Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = 1 p
. Let us assume that q be an indeterminate in C p with |1 − q| p < p [x] q = x. Suppose that f (x) is a uniformly differentiable function on Z p . Then the q− Volkenborn integral on Z p is defined by Kim to be
x , (see [3, 6] ).
L. Carlitz defined q− Bernoulli numbers as follows:
with the usual convoution about replacing β n q by β n,q (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] ). Recently, Kim gave the Witt's formula for the Carlitz's q− Bernoulli polynomials, which are given by
When x = 0, β n,q = β n,q (0) are Carlitz q− Bernoulli numbers. By (3), we easily get
n−llx β l,q , (see [3, 6, 9] ).
For r ∈ N, we consider the higher-order Carlitz q− Bernoulli polynomials as follows:
Note that
where β (r) l,q are the higher-order Carlitz's q− Bernoulli numbers. In this paper, we give some new identities of symmetry for the higher-order Carlitz's q− Bernoulli polynomials under the third Dihedral group D 3 arising from q− Volkenborn integral on Z p . Recently, several authors have studied q− extensions of Bernoulli numbers and polynomials in the several area (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ).
Symmetry identities
Let w 1 , w 2 , w 3 be natural numbers. Then, we have
From (7), we can derive the following equation:
are the same for any σ ∈ D 3 .
From (6), we have
(9) Therefore, by Theorem 1 and (9), we obtain the following theorem.
Theorem 2. For w 1 , w 2 , w 3 ∈ N, the following expressions
are the same for any σ ∈ D 3 . Now, we observe that
(10) Thus, by (10), we get
(11) From (9), Theorem 2 and (11), we can derive the following equation:
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